Abstract.
Introduction
In recent years there has been much interest in defects in condensed media, in particular because it turns out that defects can be classified using topological criteria [l] . These defects are points or lines along which it is impossible to define an order parameter in a system in which order is otherwise present. In this paper we shall be concerned with point defects, sometimes known as hedgehogs [2] . We shall concentrate on model magnetic and nematic liquid crystals, but we note that this type of defect can occur in a variety of ordered media [3] .
The particular point that we shall address here concerns the internal structure of the defect, which is only partially determined by the defect homotopic classification. In a recent paper [4] , Schopohl and one of the present authors made a comparative theoretical study of the structure of the hedgehog defect in a nematic liquid crystal and a Heisenberg magnet, using a phenomenological Landau theory. The purpose of this paper is to carry out a detailed study of the statistical mechanics of this problem using Monte Carlo simulations. This permits a comparative examination of the predictions of that paper and of other theoretical studies of the same problem .
The systems we consider are all of the type for which in a macroscopic description the ordered phase may be everywhere described by a local direction defined by a unit vector n(r). The crucial general feature of the hedgehog disclination is a global spherical geometry in which, far from T = 0, the director behaves asymptotically like the vector t. Under this circumstance, assuming that spherical symmetry is maintained on all length scales, it is evidently not possible to define n at the origin if, as is always the case in ordered media, n(r) is to be a smooth function of position r. A pictorial description of the hedgehog defect is given in Figure la . Within a macroscopic description of the hedgehog the director field is not well defined at the defect. A more microscopic description allows the degree of order -the order parameter -to change locally. Close to the defect this will depart significantly from the macroscopically allowed manifold. The theoretical studies all make predictions concerning these departures [4-71. Clearly it is of interest to check such predictions experimentally.
Lavrentovich and Terentjev [7] have made optical and theoretical studies of nematic hedgehogs, and there is also one rather anedoctal observation [9] that the hedgehog core consists, not of a single defect point, but rather of a small twisted region.
Monte Carlo simulation permits a detailed investigation of statistical mechanical structures in these defected systems on length scales which are difficult to examine by other means. The ordering and spin organisation inside a finite system is governed by the combined effect of boundary conditions, temperature, and the nature of the alignment properties of the spins. Some of the present authors have shown in previous papers [9- 121 that Monte Carlo simulation is indeed an effective tool to investigate these phenomena.
The Hedgehog Defect
It is useful at this stage to summarize recent theoretical work on the structure of hedgehog defects. A number of authors [13] have pointed out that in terms of the global defect topology a point defect is equivalent to a ring defect. This ring defect is a line defect arranged in a ring, somewhat like a vortex ring in fluid mechanics. A pictorial representation of the director configuration in this circumstance is shown in Figure lb . Sluckin and Schopohl [4] investigated the structure of a nematic hedgehog defect using the phenomenological Landau-de Gennes theory, by explicitly solving the resulting Euler-Lagrange equations. They concentrated on the behaviour of the quantity Qij(r), where Q is the (trace-less) nematic tensor order parameter. On the equilibrium manifold Q= $(3nd-I) 429 where S = (Pz(cosP)) is the usual nematic scalar order parameter. A true radial hedgehog would have Q always of this form, with S(T) only a function of distance from the core. The presence of biaxiality, i. e. departures from the ideal form (l), would be a signature of the decay of a true point disclination into a ring-like structure. Schopohl and Sluckin sought solutions of the Euler-Lagrange equations corresponding to ring defects, but were unable to find them. What they did find was a true point-like defect. The size of the core region can be gauged, for instance by asking when S(r) reaches half its bulk value, and this occurs at approximately lot, where < is the nematic coherence length.
By using a simple variational ansatz within a Landau theory, however, Penzenstadler and Trebin [5] were able to show that in general one may expect that the core of a hedgehog defect would exhibit a ring-like structure. Interestingly they also find the radius p of the ring approximately an order of magnitude larger than the nematic coherence length.
Other workers have also predicted the existence of hyperbolic hedgehogs in nematic systems. Mori and Nakanishi [6] predict p z SO<. In this paper we compare the rather different predictions of nematic hedgehog core structure given by references [4-61. Lavrentovich and Terentjev [7] have made calculations of hedgehog structure within a continuum model. They define a quantity:
where KII, KXZ, K33 are the splay, twist and bend Frank elastic constants, respectively. If A > 0, they expect a radial hedgehog, whereas if A < 0, they expect a hyperbolic hedgehog. This hyperbolic hedgehog also involves a disclination ring, but of a different type to that of references [5, 6] . This ring defect has winding number &l and separates an outer radial region from an inner region with an entirely different configuration. However, because they are working within continuum theory, the scale of the ring radius is now set by the size R of the spherical container enforcing the hedgehog. Thus in their model p/R is a function of A, whereas in references [5, 6] p is an intrinsic quantity. Schopohl and Sluckin [4] also compared magnetic and nematic hedgehog cores, and we test their predictions in this simulation work. The magnetic system is a Heisenberg model in which the order parameter is now rr~ = mii, where fi is a unit vector. We recall that in a magnetic system the equilibrium order parameter manifold is the surface of a sphere Sz, whereas in the nematic case it is the projective sphere Pz in which ii and -fi are identified. The topological frustration in a magnetic hedgehog cannot be relieved by creating a ring defect; now the only possibility is a radial hedgehog with m a function of radial distance T.
The order parameter profiles for the two types of defect appear to be very different. The nematic defect core is larger, even when defined intrinsically, with respect to the relevant coherence length. In the inner core, the magnetic order parameter profile m(r) x r, but the nematic order parameter S(T) M r2. Interestingly, even if the core region is in fact ring-like, it is still possible to define an effective radial order parameter at a distance T from the origin
( )) h s r w ere the mean values are taken over all spins a distance r from the origin. This quantity is just S if the hedgehog is truly radial, and (P~(T))R M r2 even if the hedgehog is microscopically hyperbolic.
Models and Simulation Details
We consider lattice models of magnetic and nematic systems. Clearly liquid crystals are in some sense the very antithesis of lattice systems. Nevertheless there is ample evidence that, as far as orientational ordering is concerned, nothing is lost by making this approximation [I4].
In both cases spins defined by a unit vector si are placed at lattice points i on a simple cubic lattice. Each spin represents a closely packed group of molecules that maintains its locally ordered structure in all the temperature range of interest or, as a special case, a single molecule [12] . Conventionally all lengths are measured with respect to the lattice unit. The total energy is defined by the sum of interactions UZj between pairs of nearest neighbour sites, where:
and where PL (z) is the L-th Legendre polynomial; L = 1, 2 for Heisenberg magnets and for nematic liquid crystals respectively. The latter case is usually known as the Lebwohl-Lasher model in the liquid crystal literature [15] . The bulk properties of these systems have been exhaustively studied using Monte Carlo simulation. For Heisenberg magnets the transition temperature to a ferromagnetically ordered phase is continuous and occurs at kgT/~ = 1.45 f 0.01 [16] , w h ere kg is Boltzmann' s constant. The Lebwohl-Lasher model exhibits a bulk first order phase transition from an isotropic to an orientationally ordered phase at ICBT/E = 1.1232 (141.
A number of recent studies have been concerned with nematic systems in a finite spherical geometry, designed to model polymer dispersed liquid crystal droplets [17] . In these droplets the phase transition is suppressed and the specific heat peak which remains is shifted to a lower temperature [9] ; this picture is also confirmed experimentally [18] . Whereas the previous studies have been concerned with thermodynamic aspects of the droplet behaviour, this study focusses more closely on aspects specifically concerned with the resolution of the frustration inherent in the defect topology.
Our model droplet is a jagged sphere of radius R, obtained from a cubic lattice by considering all the spins falling within a given distance from the chosen centre. The topology of the hedgehog defect is enforced by employing radial boundary conditions. This is achieved by inserting an extra layer of spins outside the simulation sphere with fixed orientation pointing toward the centre of the sphere. We have carried out simulations over a range of temperatures below and above the bulk ordering temperature. We have considered a number of system sizes, with the number of spins N varying between 304 and 11752. The results presented here, except where otherwise indicated, are system-size independent. A typical simulation run involves 4 x lo4 cycles.
Results and Discussion
We first discuss the comparison between the droplet order parameter structure in the nematic and magnetic hedgehog cores. We have investigated the variation of the order parameters from the centre of the droplet to the surface. To do that we have divided the sample into a set of concentric shells in an onion-skin fashion [9b, lla]. Each shell has unit thickness. We have calculated the quantity (PL(T))R (L = 1, 2), defined by where M is the number of lattice points in each shell, and r is the average distance from the origin of the lattice points within each shell. This quantity is a radial order parameter; if all spins were aligned radially it would be unity. In Figure 2 we show a typical plot of this radial order parameter for both nematic and magnetic cases. A coherence length can be determined from the decay length of (P2(r))R or from the orientational pair correlation between particles at the centre and those at a distance T from it [lib] . For comparison in Figure 3 , we show the prediction of Schopohl and Sluckin [4] for 1. We also have calculated the rotational invariant quantity (T***(r)) [19] defined by: (5) where no is the preferred direction at the centre of the droplet, determined as the director of the cluster of 8 spins belonging to the inner shell, and ri is the radial vector at the i-th site.
We now discuss the question of a microsopic ring defect in the nematic hedgehog. Although a precise quantitative measure which discriminates between radial and hyperbolic hedgehogs eludes us, the quantity (T222(r)) g' Ives much insight. For a radial hedgehog (T***(T)) = 0, while for the Tori-Nakanishi solution [6] : and (F(r)) M ; (a)* )
for low T (6) (P(r)) kz (f)-* )
for high r,
giving a bump in the middle.
In Figure 4 we show (T222(r)) for the magnetic case at four selected temperatures. The behaviour of (T***(r)) 1s rather flat and is approximately zero also well below the phase transition (see T* = 1.1).
By contrast, in the nematic case shown in Figure 5 , we have, as expected, a small peak corresponding to the point of inflection in the (PL(T)) curve. Increasing the temperature the peak becomes lower and shifted further from the centre until it diseappears above the nematicisotropic phase transition. for the H eisenberg droplet at selected temperatures as shown.
We can, however, look at snapshots of spin configurations at low temperature in order to see whether any structure can be discerned. In Figure 6 we show a typical magnetic configuration in cross-section. It is easy to see that: a) the spins mostly point toward the centre, b) superimposed upon this general trend is a certain amount of random wobble, and c) the hedgehog core seems to be displaced (presumably temporarily) from the origin.
In Figure 7 we show analogous nematic configurations, taking different cross-sections of the same configuration. These configurations are significantly different from the previous case, and are indeed consistent with the ring picture shown in Figure lb . The ring can be seen in Figure 7a , with the spins pointing predominantly through the ring (and into the diagram). In Figure 7b we see the spins in the plane of the picture pointing through the ring; the ring itself crosses the plane of the diagram twice, and at those points we see wedge disclination lines of degree l/2. In fact the orientation of these rings drifts throughout the simulation. The rings have radius z 3 lattice units, which is of the order of but slightly larger than the nematic coherence length. It is clear that the structure of (P ( )) 2 T R s h own in Figure 3 is primarily due to this ring structure.
It is interesting to compare these observations with the various theoretical predictions. Comparisons must necessarily be tentative; the Lebwohl-Lasher model has equal Frank elastic constants and it therefore misses much of the richness of the behaviour of inhomogeneous liquid crystals. Nevertheless, both Penzenstadler and Trebin [5] and Mori and Nakanishi [6] predict ring disclination cores like those we have seen. However, they seem to be predicting a larger core; in the latter case a much larger core with p z SO<; in fact we are finding that p M (. One possible reason for the large overstimate of the ring core size in Reference 161, which may repay detailed investigation, could be that this calculation does not take into account the effect of the surface elastic constant K24 [20] . This may be significant at surfaces and near defect cores.
We do, however, find that whatever structure there is seems to be system-size independent except for the very smallest droplets. We recall that Lavrentovich and Terentjev [7] predict a (rather different kind of ) ring disclination core if A < 0 (see Eq. (2)). For the Lebwohl-Lasher we expect this criterion to be satisfied. However this theory now predicts p oc R,, and this is not observed. In any event these ring structures only manifest themselves on macroscopic scales and may not be easily observable in currently accessible Monte Carlo experiments. A further observation is consistent with the ring picture. We have calculated the total order in the magnetic and nematic droplets. The magnetisation per particle is low and is essentially unchanged through the bulk ordering transition. Evidently the order in different parts of the droplet cancels out. In the larger nematic droplets, however, the second rank order parameter shows a noticeable anomaly near the bulk ordering transition. This may be due to the ring structure becoming large at the phase transition and dominating other random contributions to the average order parameter. We do not, however, have a more quantitative framework within which to place these remarks.
The best theoretical model appears to be that of Penzenstadler and Trebin [5] . However, a good deal of theoretical work seems to be required to resolve the apparent differences between the predictions of the various theoretical models. The best model seems nevertheless to predict rings rather larger than those observed in the simulations. There is, however some uncertainty about the extent to which the Landau theory can be used to predict the core structure, especially if the spherical symmetry is broken. The theory of Penzenstadler and Trebin [5] predicts that the hyperbolic hedgehog will have a lower free energy than a radial hedgehog, but only by a finite -and system size independent -amount. One may expect that the direction of the broken symmetry (i.e. normal to the ring) will therefore drift. If a full configurational average is taken, by treating the Landau functional as a Landau-Ginzburg-Wilson functional in a generalised partition function, the broken spherical symmetry will be restored. The original Schopohl-Sluckin picture would then be back in favour, albeit with altered parameters. This would also be consistent with the observed Brownian drift of the ring normal in the simulations.
